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Chapter

Famous Inequalities

Cauchy-Schwarz Inequality

(£) (%))

Minkowski Inequality

(ZL;I X+, 1 )% <(Xrixr )]7 HXrnlk )% forp> 1.
Hélder’s Inequality

i d
Sl S(Eon ) (Zoit) forp > 1 —sm =,

q
Bernoulli Inequality

(1+x)y21+mforx>1,r e R\(0,1). Reverse for r € [0, 1].

(Q+x)y<1+Q2 -1xforx e[0,1],r e R\ (0, 1).

(1+x)"< N L forxe[-1,0],ne N.

—nx
(1+x)’$1+—rx—forxe —1,L , r>1.
1-(r—-Dx r—1

(L+m) ' 2(1+@+1x) forxeR,neN.

(a+b)y'<a'nb(a+b)" 'fora,b>0,neN.

P q
[14.1) 2(l+£) for (i) x>0,p>q >0,
p q

(i) — p <—g <x <0, (iii) - > —-p > x > 0. Reverse for:
(iv)g<0<p,p>x>0,(\)g<0<p,p<x<0.
Exponential Inequalities

n n 2
- (l+£) >1+x, (1+£) Zé‘[l—x—) forn>1, x| <n.

n n n

- n+5
é‘Zx"forxeR,andx—'+ISe"s[l+£) forx,n>0,
n n



8 MATH PHENOMENON

2
X
e>1+x+ e for x = 0, reverse for x < 0.

<] - % for x & [0, ~1.59] and 2% < 1 — % forx € [0, 1].

1 <x*<x-x+1forx e (0,1).
2-x

1 1
xx-D<m(x -Dforx,r=1.

J XV
x 2
¥ +y >1ande > (1+—J >e™ forx,y>0.
y

2-y-x"V<1+x<y+& 7, and e <x + e‘zforx,ye R.

Logarithm Inequalities
— 2 _ 1
JC—lsln(x)s x -1 <x-1,In(x) < n(x"—l) forx,n>0.
x
2x x
<In(l+x)< for x > 0, reverse for x € (-1, 0].
+x x+1

In(r+ 1) <t(m) + < 3% <Inm) + 1.
n =1 1

In(l +x)2 izc-for x € [0, ~2.51], reverse elsewhere.

2 3
In(l+x)2x- x?+ xT for x € [0, ~0.45], reverse elsewhere.

2 3
In(l -x)>-x- x? + % for x € [0, ~0.43], reverse elsewhere.

Trigonometric Inequalities
. Xcosx 7
x— 2 <xcosx< — < x¥cosx <x- % <xcos 2= <sinx.
X 6 o
3
Hyperbolic Inequalities

(x cosx + 2x) = x? .
3 sinh x’

x x
xcosx < > <xcos’| = | <sinx <
sinh® x 2

3
EJ«:SSinxSx cos i) <x<x+ x <tanxall forx e O,E}.
T 2 3 2

cosh(x) + o sinh(x) < %) forx e R, o e [-1, 1].



FaMOUS INEQUALITIES

Binomial Inequalities

& k k n
max ’L,Mﬂ < U PP (en)’ and 1 [P
i k! k)" kT n)” K (m-ky*
nt_(n 4 1 2n) 4 1
2 < fr\/_ZkZOand——[l——]s < (1——)
4! (k) 5 Jrnl 8n ( n ) Jn . 9n

n" "2 < S forn12k120,n2_>_k220.
k )\ k)~ \k +k,

2»}{!::}

2mno(l —a)

ITs < (Zm) <GforG=  Hx) = —logo(r(1 —x)' ™).

d n

i

2
2
d
Zio’? s(%) forn>dz1.
)

<n’+1and Zdﬂ(n) <2"forn=>d=0.
=i

1

“ 1" " [l+——d—] for£2d20.
=0 d n—2d+1 2

"< Z“" "l 122 fora e (O,l).
an 1—2(1 an 2

Square Root Inequallty

2\/x+1—2\/;<%<\/x+1—\/x—1<2\/;—2\/x—1 forx>1.
X

Stirling Inequality

n "1 ' L 4

e(ﬁj < ZM(E} ™) < n1<\2mn (ﬁ) e Sen(l) .

e e e e
Means Inequality

n | 1

min{x;} < <(TTx)<=> x< =) % <max{x]}.

s 5o <([la) <5 L2 )
Power Means Inequality

1

Mpquforqu,whereM=(Zw.|x.|”)" w;20, > w, =1L
In the limit M, = H bx, |, = min;{x;}, M. = max;{x;}.

A
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Lehmer Inequality
w|x | w x|

2w 18 Na | g o

owlxl S wix

Log Mean Inequality

+ + :
\/_ Vx \/_ (o )“< e \/— \/_ x+y forx,y > 0.
In(x) - ln(y) 2 2 ‘
Heinz Inequality
l-a _ o a_l-a

Sy <22 ;’x b4 sx;y forx,y>0,a e [0, 1].

Maclaurin-Newton Inequality

S0 28,8, and {fS, > 45, for 1<ksmS= < Y aa.a, >0,
n)isiomtsn 0t
;)

Jensen’s Inequality

(Z,Pix) >, p9(x,) where p; >0, Zp, =1, and ¢ convex.

Alternatively: ¢ (E[X]) < E[ ¢ (X)]. For concave ¢ the reverse holds.
Chebyshev Inequality

S 5@z 2( 316 |($e0n )23 r@)ss 0, tras .. <0

b1 < ... b, and f, g nondecreasing, p, > 0, > p =1
Alternatively: E[f (X)g(X)] > EIf (O)E[g(X)].

Rearrangement Inequality

Za b, > Za b, 2 Za b, .. fora<...<a, b <.. <b,andn a permutation of [).

=1
More generally

Zf(b)>2f( (,))ZZf( ) With (fi+1(x) —f(x)) nondecreasing for all 1 <i<n,

Weierstrals Inequallty

IL(1=x)" 21-%, wx, where x,< 1, and either w, 2 1 (for all §) or w; < 0 (for all i)
Ifw e[0,1], Zw, <1 and x, < 1, the reverse holds.

Young Inequality

=1
1 1J Xy {1
—*t— | Sw<—+ forx,y20,p,q>0, —+==1,
[pxp » p 9 P q



Famous INEQUALITIES

Kantorovich Inequality

2
(varz)(zny,z)s(—é_) (zixiyl)z forx;,y;>0,0<m< Sl SM<x,

Yi
G=+mM.
Sum-integral Inequality
I LU_l S(x)dx < ZZL f@= I LUH f(x)dx for fnondecreasing.
Cauchy Inequality

o'(a)< ﬂg_ﬂ < ¢'(b) wherea<b, and ¢ convex.
-a

Hermite-Hadamard Inequality

(p(a;b) I o(x )dx<M for ¢ convex.
Chong Inequality

‘Z;?m>n and Ha >na > for a;> 0.

Gibbs’ Inequallty

2.a, log b 2 alog; for a;, b; 2 0, or more generally:

2, a,cp(b )<a(p(b) for ¢ concave,anda= Xa b=1Xb,.
a, a

Shapiro’s Inequality
ad >2 where x; > 0, (X, + 1, Xn+2) = (%1, X2).
=l Xy +x,

i+2

Hadamard’s Inequality
(det 4)* < ﬁ i A? where 4 is an n x n matrix.

j=l jul

Schur’s Inequality

Y)Y A and Y, d sy A forlSksn.

A is an n x n matrix. For the second inequality 4 is symmetrical.
AL 2 ... 2 A, the eigen values, d) 2 ... 2 d, the diagonal elements.
Ky Fan Inequality

A=

].—[.'-lx? S_ZJ:L__ forx; e [0,%], a; € [0, 1], Zal =1

[1.a-x) Z a(l-x)

11

(m+ M)
2 ?
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Aczél Inequality

(a]b ->'a ) ( Z:=zaf)(17f —Z;bf) giventhat af >3 " o’ or >3 B2,
Mahler Inequality

I_"I(x,. + y,.)5 > ]L[x% +ll[y; where x;, y; > 0.

A,=ll)el Inequalit)l'=l "

b, mkin‘Z::a,. sga,.bi <h mftxiz:a,. forby>...25,20.

Milne Inequality

(St 22 (50 0)

Hardy—Carleman Inequality

S (Hk_.l a )% <eY" |a,|

Sum & Product Inequality

a,> a_ . and a, < a_ . where0<ag; <: .a,-,,,fori=l,
311a> 3T aw, a $TTa $ T,

j=t Ti=1 j=1 i=l J=1 =l

..., n and 7 is a permutation of [x].
IT.a-TI.b|<X. 0 -b] forlai b <1.

H;(a +a)z(1+a)", where H; a2 L, ¢>0,a>0.
Callebaut Inequality

(Z‘_a,.‘”b,"")(zia;‘”b:”)2(Z[a,.'”b,."y)(zia:‘yb‘.‘”) for 12x2y>0,andi=1,
Karamata’s Inequality

L0@)2) ) o) forai > a2 ... 2a,and by > ... 2 b, and {a} > {b}
(majorization), i.e. 37 a,>Y" b forall 1 << n, with equality for 1= and ¢

is convex (for concave ¢ the reverse holds).

Muirhead Ine uali
q
1
; . ﬁ(]) u(”) 2 Zﬁ n(l) n(") where aazZaz..2 a, and b[ > bz 2.2 b,,

and {a,} > {b;}, x; > 0 and the sums extend over all permutatlons = of [n].
Huygens Inequality

H(1+x,‘)2(1+;'/xlxz ex, Y, ne N\ {1} e R k= 1n
k=1
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Bernoulli Inequality Generalized

H(l+xk)21+2xk, neN;x e[-1,0);k= 1 n; xx; € Ry, forany i, j € 1n
k=1
Tiberiu Popoviciu Inequality

s soreron+ A(=35E) 2 (=)o (57 (55

f: [a, b] = R convex function.

Chebyshev Inequality
i) (@), (b ) — monotonic sequences with the same monotony:

R k=l
i) (a,),.75 B,z monotonic sequences with different monotony:

1 n 1 n 1 n
—Nall=)b |2=)> ab,.
(ng.: ")(ng‘ "j nkZ:‘ e
Diaz—Metcalf Inequality

b emM3al <(me )T abi a0 b Ryms (h<MikeTmneN.
k=1 k=]

Greub-Rbeinboldt Inequality

[a, A); [b, Blc R; x; € [a, A]; I  [b, BlL,theRjke lmne N,

Lo, (ab+ AB :
(zrj[zt ) (b 45). (z y)

Kantorovich Inequality

(z;xk)(z ] M (5 ) b M) < 0,953 D M 1 0,

ksl k=1 X

keln;neN

Polya—Szegd Inequality
[a, A]; [b, B] < (0, ); for any x; € [a, Al; yr € [b,B]; tr € R; kel mnelN;

v 2 ) (b AB) ¢
(B En)s i (B):

Schweitzer Inequality
[m, M] c (0, ©); xi € [m, M; k e Lm; n e N;

\ s 1) (m+M)
(Z‘xk)(;xk]s 4mM g
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Bitinetu Inequality
% €Rim< 2 <My e w;ke L neN;
xk
ith: + mMit,‘y,f S(m+M)Y 1%,
k=1 k=1 k=1
Hdlder’s Inequality Generalized

ﬁ(ixyj j Zi(ﬂx‘;"} witw+ .. +tw,=1
=l \_j=1

i=l \ " jel

Weighted Means Inequality
w=wrtwrt+ ... +w,

X +wWx, +...+wx ’ = w
=5 ¥ W, P P TR TIN
w LR B
X, x X,

Convention 0° = 1.
Maclaurin’s Inequality

zy, 5 2y, - 2YY,¥,
n C:

CH'b2 ab; a+b+c2 ab+ac+ca2%

2 3 3
a+b+c+dZJab+ac+ad+bc+bd+cd2Jabc+abd+bcd+acdzm

4 6 4
Kurlyandchik’s Inequality
;g > 0.

;i_'_i-'_ +i<2;ak,ak

; b =

Murray Klamkin Inequality

H'::‘(l +a&) N H:m,(l_a&)
(I+ny  —  (n=1)y
Karamata’s Inequality Generalized
alzbl;a,+a22b;+b2;a|+ag+...+a,,_12b1+b2+...+b,,_1
a,+a2+...+a,,=b|+bg+...+b,.,;fc0nvex

Ra) +fa) + ...+ fa) 2 fby) + fby) + ... + fiby)

\ a

3 n22;dke(0,oo);ke I,—n; zn:ak=l.
k=1
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Biitinetu Inequality 2

(S 22T (28] ()

a,be(0,x);a<byabeN;x elablticR:
Bitinetu Inequality 3

1 a(l+b) 1 +a+ab
gl ———. .
(Zx )(§x ) (l+ab+a n) ’

a, b, neN;a<b,x;e[a bl;ke Ln.

Schur s Inequalities

&+b++3abez b+ bat+ e+ Pb+dc+da
d@-b)a-c)+b(b-c)b—a)+c(c-a)c-b)20; r>0
(a+b+c)3+9abc>4(a+b+c)(ab+bc+ca)

b- o (b+c—-a)+(c— ac+a-b)+(a- bY(@a+b-c)=0

Frp+dr =292 5 2b+ be+ ca)

+cC
a b c 4abc

b+c+ c+a+ a+b (a+b)b+c)c+a)
g+ b+ +abe(a+ b+ ) 2 ab(d + bY) + be(B + &) + cd(c® + &)
Useful Inequalities

Q/;<1+\/z; . LI xe(o,g)
n

X smx

. n
sinx +tanx > 2x; x e(o,%), Ynl>—; n21
e

2
£ —X2CO8X;X € 0,E ,costl—f—;xeR
2 2 2

x—sinx<x%x e(o,g];tanx—xsf;x e [0, 1).

2 x*+2 x’ 1
Lk > R, 2 <=;xeR;
T W 2B m Zi.me 2 ¥ €

2,/x+y>\/;+\/— x+y>J +J—— x+y+__J—<x 2
x gl(l l} EINSEN
+ ,\/;+\/;>\/;+\/;.

+yz 4\y z

15
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Catalan Identity ‘

x(x =3y - 3z)? +¥(3x—y—z)* + z(3x v-2=(x +y+2)°

Hlawka Inequality v

Wty+zl+i+ P+l 2ty +p+2 +z+x

Samuelson Inequality E

H—ovn-1<x, <pu+ovn-ljieln

p=(X x)/n; o =) (x,-p?/n

Leibniz Inequality

&+ 5+ <R

Euler Inequality

R22r

Weitzenbock Inequality

&+ +c> 4438

Gerretsen Inequality

4R’ +4Rr+ 37 > p?

Mitrinovic Inequality

p2 33 ‘

Hadwiger-Finsler Inequality

@+B+2(@-by+ (b~ )+ (c—a) + 438

Pedoe Inequality

A+ - )+ BY@ + = b + CHdP + b — c®) > 16Ff

Schur’s Inequality

P’ —4pg +9r> 0;p=Zcot 4; g=) cot Bcot C; r= [] cot 4

Klamkin Inequality

X,y,2€(0,00); xsin4+ysinB+zsinC< %(xy+yz+zx) Xi¥xz
xyz

Means Inequality — Integral Form

ms< 874 aLlmes sbLf f(xX)dx< M; f: [a, b] - [m, M]
—— _a a
« f(x)

Cauchy-Schwarz Inequality — Integral Form

| lf(x)g(x)ldst( | fz(x)de( | gZ(x)de g [a,b] >R

Hélder’s Inequality — Integral Form

flf(x)g(x)lde(flf(x)I” dx)"[jlg(x)r dxj°,p> 1; %+$=1
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Minkowski Inequality — Integral Form

p21ifig:la bl >R, U | F(x)+ (I dx]’ S[Ilf(x) r dx],, +[Ilg(x) I dx]”

Jj[f (x)+g(x))dx < \!_Tf *(x)dx + \[E’ (x)dxk

Chebyshev Inequalities — Integral Form
£, g : [a, b] > R opposite monotonic functions:

[ rg@d < ;i—a(ff(x)dx)(]g(x)dx) :

£, g : [a, b] > R monotonic functions of the same directions:
b 1 b b

OOk Uf(x)dx][ | g(x)dx]
a - a a a

Jensen’s Inequality — Integral Form

f:la, b] > [m, M]; ¢ : [m, M] > R, ¢ convex function:

1 % 1 ¢
"{7:; I f(x)dx] < 5_—aj;<p(f(x))dx

Young Inequality — Integral Form
aeRybefR);f(0)=0;

f: R+ = R, continuous increasing function

ab< j.f(x)dx + j'fl (y)dy



